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LAUTKELETNI NAAYAKEK SATA KAH RABMEL  
 
  naakatsupreP id aidesret nad ratfadret ini naktibretid kadit gnay rihka saguT
 akubret halada uaiR misaK firayS natluS iregeN malsI satisrevinU  mumu kutnu
 naakatsupek isnerefeR .silunep adap atpic kah awhab nautnetek nagned
 nakukalid tapad aynah nasakgnir uata napitugnep ipatet ,tatacid naknanekrepid
 tubeynem kutnu haimli naasaibek nagned iatresid surah nad silunep nizies
.aynrebmus  
ta naadnaggneP  hurules uata naigabes natibrenep ua t  surah ini rihka sagu
 malsI satisrevinU igolonkeT nad sniaS satlukaF nakeD irad nizi helorepmem
 majnimem gnay naakatsupreP .uaiR misaK firayS natluS iregeN t  ini rihka sagu






NAATAYNREP RABMEL  
 
 
  malad awhab nakataynem ayas ini nagneD t  tapadret kadit ini rihka sagu
 utaus id naanajrasek raleg helorepmem kutnu nakujaid hanrep gnay ayrak
 nad ,iggniT naurugreP  uata ayrak tapadret kadit aguj ayas nauhategnep gnajnapes
 araces gnay ilaucek nial gnaro helo naktibretid uata silutid hanrep gnay tapadnep
.akatsup ratfad malad id naktubesid nad ini haksan malad ucaid silutret   
 
  ,urabnakeP   rebmevoN 51 102 9 
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KARTSBA  
 halet gnay naitilenep adaP iletid  helo taubid ,aynmulebes it naitilenep  naidumeK .)8002( jdaT   ini
 noksid rotkaf nakhabmanem nagned nakukalid
 
𝑒− 𝑡𝜃  naujut isgnuf adap   irad helorepid gnay
 .)2102( inailaD naitilenep  iladnek nalaosrep gnatnet sahabmem ini rihka sagut ,uti anerak helO
naaidesrep metsis irad lamitpo   susak nagned  natakgninep  gnarab  kutnu aggnihreb utkaw .  kutnU
ep nakiaseleynem natakgninep imalagnem gnay naamasr   iladnek iroet nakanuggnem tapad akam
d gnay naujut isgnuf nad kimanid laisnereffid naamasrep nakrasadreB .lamitpo  tapad nakirebi
notlimaH naamasreP kutnebid  egnargaL nad  naamasrep nakutnetid ayntujnaleS .  naaidesrep takgnit
nad lamitpo gnay   naamasrep  takgnit rp lamitpo gnay iskudo  ,nalibatsek asilanaid naidumeK .
 awhab helorepid akam nakirebid gnay hotnoc nakrasadreb ruk inem naaidesrep takgnit av takgn  
.nakutnetid halet gnay rihka utkaw adap  
 
 ataK icnuk  : noksid rotkaF  , k ,nalibatsek ,iladne   ,natakgninep metsis   metsis ,naaidesrep   
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 suoiverp nI hcraeser  ,  .)8002( jdaT  yb enod saw hcraeser siht nehT da  rotcaf tnuocsid eht gnid
 
𝑒− 𝑡𝜃  
 .)2102( yduts inailaD eht morf deniatbo noitcnuf evitcejbo eht ot  tcejorp lanif siht ,eroferehT
eht fo esac eht htiw metsys yrotnevni eht fo eussi lortnoc lamitpo eht sessucsid  gnitaroilema   fo
emit etinif  .  eht evlos oT gnitaroilema  yroeht lortnoc mumitpo eht esu nac ti neht noitauqe  .  desaB
 notlimaH demrof eb nac nevig noitcnuf evitcejbo dna noitauqe laitnereffid cimanyd eht no
neht si noitauqe yrotnevni lamitpo ehT .egnargaL dna noitauqe  ted  mumitpo eht dna ,denimre
 taht deniatbo si ti elpmaxe nevig eht no desab ,ytilibats eht dezylana nehT .noitauqe noitcudorp
.emit dne deificeps eht ta esaercni evruc level yrotnevni eht  
sdrowyeK  :   c ,gnitaroilemA ,lortno  metsys noitauqe laitnereffid ,  ,rotcaf tnuocsid  yrotnevni metsys ,               







RATNAGNEP ATAK  
 
alageS  ijup  asaitnanes gnay TWS hallA igab  nakhapmilem  tamhar  nad  
kifuat  atres  hayadih - ayN  aggnihes  silunep  tapad  nakiaseleynem  sagut  rihka  ini  
tapet  adap  aynutkaw  nagned  “ luduj  METSIS LAMITPO ILADNEK
 NAGNED GNARAB NATAKGNINEP PADAHRET NAAIDESREP
NOKSID ROTKAF ” saguT .  rihka  ini  nakapurem  halas  utas  tarays  nasululek  
takgnit  .anajras  ayntujnaleS  nahapmil  tawalahs  atres  malas  adapek   ibaN
 ,WAS dammahuM  iagabes awabmep  kujnutep  igab  hurules  tamu  .aisunam  
malad ,ayntujnaleS  nanusuynep  nad  naiaseleynep  sagut  rihka  ini  silunep  
kadit  sapelret  irad  nautab  iagabreb  kiab ,kahip  gnusgnal  nupuam  kadit  .gnusgnal  
kutnU  uti  hadus  aynsatnapes  silunep  nakpacugnem  amiret  kat gnay hisak  
aggnihret  adapek  aut gnaro audek  ,atnicret   hayA  razubA ( mlA nad )   ubI anivlE  
kadit gnay  hanrep  halel  nad  adait  itneh  nakhapmilem  hisak   ,naitahrep ,gnayas
taubmem gnay isavitom  silunep  upmam  kutnu  suret  nad  suret   ,hakgnalem
narajalep  pudih  aguj   gnay iretam kat  nikgnum   asib asaJ .salabret - asaj ayn  ulales  
gnanekuk  aggnih  rihka  uktayah  nad  nakidajnem hallA agomes  asaj - umasaj  
iagabes  nalama  napacU .nimA ,helos  amiret  hisak  ayntujnales  :adapek  
.1  D .forP kapaB r  . K .H  nidihajuM damhkA , A.M ,g  ukales  rotkeR   satisrevinU
I firayS natluS iregeN mals  .uaiR misaK  
.2   kapaB  .rD srD . gA.M ,iwamraD damhA , ukales  nakeD  satlukaF  sniaS  nad  
igolonkeT  firayS natluS iregeN malsI satisrevinU  .uaiR misaK  
.3  ubI   cS.M ,anivseD inaP irA ukales  auteK  nasuruJ  akitametaM  satlukaF  sniaS  
nad  igolonkeT  firayS natluS iregeN malsI satisrevinU  .uaiR misaK  
.4  kapaB   ,cS.M ,dP.S ,ajaridnA nawliN ukales  P halet gnay gnibmibme  kaynab  
nakharagnem ,gnukudnem ,utnabmem  nad  gnibmibmem  silunep  malad  
nakiaseleynem  sagut  rihka  .ini  
.5  S dammahoM kapaB  ukales ,cS.M ,helo  kaynab halet gnay I ijugneP
.silunep adapek naras atres kitirk nakirebmem  
.6   nakirebmem kaynab halet gnay II ijugneP ukales ,cS.M ,inayruS amrI ubI





.7   ubI  inedamhaR S.M i  ,  ukales P  gnibmibme A  nakirebmem ulales gnay kimedak
.akitametaM nasuruJ id silunep amales nagnukud nad isavitom  
.8   nad sniaS satlukaF akitametaM nasuruJ nesod ubI nad kapaB aumeS
amireT .igolonkeT  .silunep adapek nakirebid gnay naras aumes sata hisak  
.9  namet ,ayas takgnit kakak aumeS -  ayas roinuj kida nad ,namet  aguj gnay
.ini rihka sagut nakiaseleynem malad ayas adapek isavitom irebmem  
 halet silunep ini rihka sagut nasilunep nad nanusuynep malad ,aynrihkA
 itrepes ipaT .nahalasek iradnihgnem kutnu nikgnum lamiskames ahasureb  ada kat
.kater kat gnay gnidag   siluneP  raga ini rihka sagut acabmep adapek nakparahgnem
irebmem tapad ini rihka sagut agomeS .kitirk nad naras nakirebmem  nak
 ,taafnamreb gnay isubirtsnok .nimA  
 
 
urabnakeP , 82  9102 rebotkO  
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I BAB  
NAULUHADNEP  
1.1  gnakaleB rataL  
naaidesrep halasaM   araces gnabmekreb gnay halasam utas halas kusamret
 .tasep naaidesreP   nakanugid kutnu napmisid gnay gnarab iagabes nakisinifedid
.)9002 ,amusuK( gnatadnem edoirep adap laujid uata  naaidesreP   tapad  imalagnem
nanurunep   nad  aguj  tapad naaidesrep nanuruneP .natakgninep imalagnem tapad
 iskudorp sesorp naracnalek tabmahgnem aggnihes   ihunemem natilusek
nemusnok naatnimrep  nakapurem naaidesrep natakgninep ,aynkilabes utigeB .
id gnarab nanapmiynep ayaib ayniggnit nakbabeynem anerak ayaib nasorobmep  
 .gnadug  
  asib naaidesrep adap iladnek iroet naparenep gnatnet salejrepmem hibeL
 naitilenep utiay tubesret lah nagned natiakreb gnay naitilenep lanruj malad tahilid
nay  helo nakukalid g kkd jdaT  )8002(  “  metsyS yrotnevnI na fo lortnoC lamitpO
smetI gnitaroireteD dna gnitaroilemA htiw id  tubesret naitilenep malaD .” sahab  
aamasrep ianegnem  nanurunep nad natakgninep susak kutnu lamitpo naaidesrep n
 adaP .gnarab  ledom id kimanid laisneref  ,ayn  nagned habmatid iskudorp takgnit
 .gnarab naaidesrep takgnit nagned ilakid natosoremek nad nakianek hisiles  adaP
 isgnuf nautnenep sesorp ,aynnaitilenep gned tapadid iladnek  kutnebmem na
.egnargaL nad notlimaH naamasrep   
mas gnay nasahabmep nagned nial naitilenep naidumeK kalid aguj a  naku
 helo kkd idnaffA   )5102( ”  metsiS irad lamitpO iladneK yrotnevnI   nagned
nuruneP nad natakgnineP ”gnaraB na  iladnegnep gnatnet sahabmem gnay  na
natakgninep imalagnem taas lamitpo gnay gnarab naaidesrep   nanurunep nad
 .gnarab  adaP id ledom kimanid laisneref ,ayn   nagned  habmatid iskudorp takgnit
 nagned aidesrep takgnit nagned habmatid natosoremek nad nakianek hisiles  na
 .gnarab K idume kutnebid na   nad notlimaH naamasrep  aynegnargaL  nad
gnem tubesret gnarab naaidesrep kutneb nakiaseleynem  iladnek kinket nakanug
.lamitpo  “ gnatnet aynnaitilenep adap )2102( kkd idnaffA ,ayntujnaleS napareneP  




 id gnarab nakasurek nad gnarab nanurunep anamid gnarab naaidesrep
.aidesret hadus gnay utkaw isgnuf iagabes nakgnutihrep  
ep uti aratnemeS  kimanid metsis naitilen  helo irtifhayS   gnay )8102(
“ sahabmem sakilpA  i p iladneK iroeT naaidesreP halasaM ada   imalagneM gnay
natakgnineP   gnaraB utkaW kutnu  tirksiD .”   kutnu nakanugid tubesret naitileneP
kanuggnem nagned lamitpo gnay iskudorp takgnit iracnem  naamasreP na
fiD tirksiD laisnere rad isuloS .  tirksiD laisnerefiD naamasreP i  kutnu nakanugid
naaidesrep ledom iladnek isgnuf kutnebmem  natakgninep imalagnem gnay gnarab  
 utkaw kutnu tirksid , nad  naitilenep adap rihkaret  ayn agnem irtifhayS  asilan
nalibatsek  naaidesrep ledom . 
  adaP naitilenep  uluhadret  gnay   helo nakukalid  aziaM 6102( ) gnay  
“ sahabmem kednireB rotpirkseD metsiS kutnu kitardauK raeniL ledoM s  utaS
 nad noksiD rotkaF nagned kcabdeeF tuptuO ”  ,  rotkaf tapadret awhab helorepid
naujut isgnuf adap nakanekid tapad gnay noksid  ini naitilenep malad . B  aparebe
 nasahabmep adap tiakret gnay naitilenep  aguj noksid rotkaf ap helorepid tapad  ad
)2102( inailaD naitilenep   lamitpO lortnoK halasaM naiaseleyneP“ noK  gnaY unit
.”noksiD rotkaF taumeM   naujut akam ,sata id naitilenep aud irad ayntujnaleS
 nakirebid noksid rotkaf   raga  tapad  atres nemusnok tanim kiranem  tapecrepmem
lauj ayad s , gnarab naaidesrep ignarugnem aggnihe . 
 ,sata id naiaru nakrasadreB aitilenep nakukalem kiratret silunep ianegnem n  
 kutnu naaidesrep metsis  gnarab natakgninep   lanruj nakrasadreb fA kkd idnaf  
nagned  noksid rotkaf  apadid gnay  naitilenep irad t aziaM   .inailaD nad  aggniheS
 luduj libmagnem silunep “ naaidesreP metsiS lamitpO iladneK  T padahre  
 natakgnineP  gnaraB d  nagne noksiD rotkaF ”. 
 
2.1  halasaM nasumuR  
  :tukireb iagabes halada ini sagut malad halasam nasumuR  
.1  iskudorp takgnit nakutnenem anamiagaB   gnarab metsis kutnu   naaidesrep
 imalagnem gnay gnarab natakgninep  nagned   noksid rotkaf ? 
.2   anamiagaB metsis kutneb nalibatsek sisilana   gnay gnarab naaidesrep




3.1  halasaM nasataB  
sagut malad halasam nasatab nupadA  ini rihka sagut   iagabes :tukireb  
.1  id aynah nahalasamreP adap naksukof  metsis   gnay gnarab naaidesrep
 imalagnem natakgninep  .aggnihreb utkaw kutnu  
.2   naujut isgnuF aggnihreb utkaw kutnu kitardauk kutnebreb  .  
 
4.1  nasiluneP naujuT  
:tukireb iagabes ini rihka sagut naitilenep naujuT  
.1  amasrep naktapadneM iskudorp takgnit na   gnarab metsis kutnu   naaidesrep
 imalagnem gnay gnarab .natakgninep  
.2   ledom nalibatsek naktapadneM  gnay gnarab naaidesrep irad akitametam
p imalagnem .natakgnine  
 
5.1  nasiluneP taafnaM  
: halada ini naitilenep irad taafnaM  
.1   kutnu nasawaw iagabeS is gnatnet nauhategnep habmanem .iladnek mets  
.2   nad irajalepmem utnabmem kutnu acabmep igab isubirtsnok irebmeM
aidesrep gnatnet nalibatsek halasam maladrepmem a  gnarab n  gnay
.natakgninep imalagnem  
.3  iagabeS  erutaretil   hupmenem gnay awsisaham igab aynsusuhk gnajnunep
.iladnek iroet hailuk atam  
 
6.1  nasiluneP akitametsiS  
 bab 5 pukacnem ini rihka sagut nasilunep akitametsiS :utiay  
I BAB  nauluhadneP  
 nasatab ,halasam nasumur ,gnakaleb ratal nakiarugnem nauluhadneP
.nasilunep akitametsis atres ,taafnam ,naujut ,halasam  
II BAB  iroeT nasadnaL  
lah gnatnet isireb iroet nasadnaL -  rasad iagabes nakidajid gnay lah





III BAB  naitileneP igolodoteM  
edotem gnatnet nakisireb ini baB -  raga nakukalid gnay edotem  tapad
.ini rihka sagut nasilunep malad nakhutubid gnay lisah helorepmem  
VI BAB  nasahabmeP  
arac narapamep nakisireb ini baB -  arac  lisah naktapadnem kutnu
.tubesret naitilenep  
BAB  V putuneP  
 .naras nad nalupmisek nakisireb ini baB  
 
 
II BAB  
IROET NASADNAL  
   1.2 atnatsnoK neisifeoK negomohnoN asaiB laisnerefiD naamasreP  








� 𝑦𝑐 � 𝑔(𝑥)                                      )1.2(  
 naklasimid ayntujnaleS 𝑦𝑐(𝑥) � 𝑐1𝑦1(𝑥) � 𝑐2𝑦2(𝑥)  kutnu naiaseleynep halada






� 𝑦𝑐 � 0                                          )2.2(  
   
2.2( naamasreP ad )  naklasimem nagned nakiaselesid tap 𝑦 � 𝑒 𝑥𝑟  naka aggnihes ,







� 𝑒𝑐 𝑥𝑟 � 0 
                                               𝑟𝑎 2𝑒 𝑥𝑟 � 𝑒𝑟𝑏 𝑥𝑟 � 𝑒𝑐 𝑥𝑟 � 0 
                                        𝑒 𝑥𝑟 ( 𝑟𝑎 2 � 𝑟𝑏 � 𝑐) � 0 
 ,anerak helO 𝑒 𝑥𝑟 � 0  akam 𝑦(𝑥) � 𝑒 𝑥𝑟  apurem naiaseleynep nak  P 2.2( naamasre  )
  ialin akij aynah nad akij 𝑟 siretkarak ihunemem ,kit  
 𝑟𝑎 2 � 𝑟𝑏 � 𝑐 � 0                                          2( 3. ) 




                                   





  aud edro reinil laisnerefid naamasrep nalaosrep irad susuhk naiaseleyneP
ak naamasrep nagned 3.2( naamasreP adap kitsiretkar  ialin adap gnutnagreb )
.nanimirksid  
 kutneb nupadA - kutneb  p id ialin nakrasadreb naiaseleyne  halada nanimirks





.a  rakA - ( adebreB nad laeR raka
 
𝑏2 � 4 𝑐𝑎 � 0) 
raka akiJ -  raka 𝑟1  nad 𝑟2  kitsiretkarak naamasrep adap 𝑎𝑟2 � 𝑟𝑏 � 𝑐 � 0 
leynep akam ,adebreb nad laer halada  irad mumu naiase P 2( naamasre 2.  )
:halada  
𝑦𝑐(𝑥) � 𝑐1𝑒𝑟1𝑥 � 𝑐1𝑒𝑟2𝑥           .2( 4) 
 nagneD 𝑐1  nad 𝑐2 .gnarabmes atnatsnok halada  
.b  rakA - ( gnalureB raka 𝑏2 � 4 𝑐𝑎 � 0) 
raka akiJ -  raka 𝑟1  nad 𝑟2  kitsiretkarak naamasrep adap 𝑎𝑟2 � 𝑟𝑏 � 𝑐 � 0 
( amas halada 𝑟1 � 𝑟2� leynep akam ,  irad mumu naiase P .2( naamasre 2  )
halada  
𝑦𝑐(𝑥) � 𝑐1𝑒𝑟1𝑥 � 𝑐2 𝑒𝑥 𝑟2𝑥            .2( 5) 
 nagneD 𝑐1  nad 𝑐2 .gnarabmes atnatsnok halada  
.c  rakA - ( renijamI raka 𝑏2 � 4 𝑐𝑎 � 0) 
raka akiJ -  raka 𝑟1  nad 𝑟2  kitsiretkarak naamasrep adap 𝑎𝑟2 � 𝑟𝑏 � 𝑐 � 0 
( skelpmok nagnalib halada 𝑟1 � 𝛼 � 𝛽𝑖  𝑛𝑎𝑑  𝑟2 � 𝛼 � 𝛽𝑖 �  akam ,
leynep  irad mumu naiase P .2( naamasre 2 halada )  
𝑦𝑐(𝑥) � 𝑒 𝑥𝛼 �𝑐1 𝑥𝛽𝑠𝑜𝑐 � 𝑐2 𝑥𝛽𝑛𝑖𝑠 �           .2( 6) 
             nagneD 𝑐1  nad 𝑐2 .gnarabmes atnatsnok halada  
  
  ,tujnal hibeL 𝑦𝑝�𝑥� nakapurem   .negomohnon naamasrep kutnu naiaseleynep
mumu naiaseleynep akaM  P irad 1.2( negomohnon naamasre  malad silutid tapad )
kutneb  
𝑦(𝑥) � 𝑦𝑐(𝑥) � 𝑦𝑝(𝑥)                                                                                                  �2.7� 
        
oC 1.2 hotn  














 uluhad hibelret nakutnenem halada nakukalid surah gnay amatrep hakgnaL







� 4𝑦 �  0 
:utiay aynnegomoh naamasrep kutnu kitsiretkarak naamasrep kutnebid naidumeK  
 𝑟2 � 4𝑟 � 4 � (𝑟 � 2)(𝑟 � 2) � 0  
:naiaseleynep helorepid akaM  
 𝑦𝑐(𝑥) �  𝑐1𝑒−2𝑥 � 𝑐2 𝑒𝑥 −2𝑥  
 niaseleynep kutnu ayntujnaleS 𝑦𝑝�𝑥� :helo nakirebid  
 𝑦𝑝(𝑥) � 𝑥𝐴 2 � 𝑥𝐵 � 𝐶 
,aggniheS  
 𝑦𝑝′(𝑥) � 2 𝑥𝐴 � 𝐵  nad 𝑦𝑝 ′′ (𝑥) � 2𝐴  
 ialin nakutnenem kutnU 𝐴, 𝐵  nad 𝐶 ialin nakisutisbusid akam -  ialin 𝑦𝑝(𝑥), 𝑦𝑝′ �𝑥�  





� 4𝑦 �  𝑥2 :helorepid aggnihes  
 2𝐴 � 4(2 𝑥𝐴 � 𝐵) � 4(𝐴𝑥2 � 𝑥𝐵 � 𝐶) �  𝑥2 
 ,akam sataid naamasrep kutnu neisifeok naamasek nakanuggnem nagneD
 ialin helorepid 𝐴 �  1
4
, 𝐵 � � 1
2
,  nad 𝐶 �  3
8
 :aggnihes ,  








 naamasrep nahalmujnem halada sataid nalaosrep kutnu mumu naiaseleynep ,idaJ
𝑦𝑐(𝑥) amasrep nagned  na 𝑦𝑝�𝑥� :helorepid aggnihes  








2.2      nalibatseK  
  gnatnet sahabid uluhad hibelret ,nalibatsek gnatnet sahabmem mulebeS
:tukireb iagabes nakirebid gnay isinifed nakrasadreb muirbiliuke  
 )4991 ,redslO( 1.2 isinifeD edro laisnerefid naamasrep nakirebid 1  utiay ?̇? � 𝒇(𝒙) 
  lawa ialin nagned 𝑥(0) � 𝒙0   rotkev haubes , 𝒙� ihunemem gnay  𝒇(𝒙�) � 0  tubesid
.muirbiliuke kitit  




2.2 hotnoC : 
 kitit nakutneT :tukireb naamasrep irad muirbiliuke  
             
 
?̇? � 𝑥 � 1 
:naiaseleyneP  
iuhatekiD  
                        ?̇? � 𝑥 � 1 
:aynmuirbiliuke kitit helorepid akam  
            𝒙� � � 1 
 kutnu naujut nagned nakirebid sata id muirbiliuke kitit isinifeD
ahamem malad nakhadumem  isinifed nakirebid ,nalibatsek irad naitregnep im
:tukireb iagabes nalibatsek gnatnet  
 )4991 ,redslO( 2.2 isinifeD  muirbiliuke kitiT 𝒙�  akij libats nakatakid ∀ 𝜀 �
0, ∃ 𝛿 � 0  aggnihes ‖𝒙0 � 𝒙‖ � 𝛿  akam ‖𝒙(𝑡, 𝒙0) � 𝒙‖ � 𝜀  aumes kutnu 𝑡 � 0  .
 muirbiliuke kitiT 𝒙 atakid  akij kitotmisa libats nak 𝒙�  nad libats kitit nakapurem
∃ 𝛿 � 0  aggnihes 𝑚𝑖𝑙 𝑡→∞‖𝒙(𝑡, 𝒙0) � 𝒙‖ � 0  ihunemem ‖𝒙0 � 𝒙‖ � 𝛿.  kitiT
 muiribiliuke  𝒙 � akij libats kat  𝒙 .libats kadit  
:tukireb hotnoc nakirebid akam ,sata id isinifed imahamem hibel kutnU  
 3.2 hotnoC : 
 kimanid laisnerefid naamasrep irad nalibatsek nakutneT 1+= xx   kitit nagned
 muirbiliuke ?̅? � � 1  nad 𝑥(0) � 𝑥0 
:naiaseleyneP  
ulebeS id akam ,nalibatsek asilanaid m ireb  :tukireb iagabes isulos  
   ?̇? � 𝑥 � 1 
 𝑥𝑑
𝑡𝑑
� 𝑥 � 1 
                         𝑥𝑑
𝑥+1
� 𝑡𝑑  





3.2   iladneK metsiS mumiskaM pisnirP  
 ytehS turuneM  mumu araces iladnek isgnuf naamasrep nakirebid )5891(
 kimanid metsis  unitnok utkaw :tukireb iagabes laisnerefid naamasrep nagned  
 
?̇? � 𝑓(𝑥, 𝑢, 𝑡),
 
.)0( 0xx =                      8.2( ) 
 iladnek isgnuf )t(u nagned ,),0( Tt∈   





.),,(          2( 9. ) 
 adap isatabid aynnaujut isgnuf nagned ayntujnaleS [ ],,0 t
 
 F isgnuf aggnihes
 etats adap gnutnagret x  iladnek nad u  utkaw nakrasadreb [ ].,0 t  
 iladnek isgnuf kutnebmem kutnU u  iagabes notlimaH isgnuf nakulrepid akam
:tukireb  
.),,(),,(),,,( tuxftuxFtuxH λλ +=
   
01.2( ) 
:utiay egnargnaL isgnuf nakhutubid aguj naD  
.),,(),,,(),,,,( tuxgtuxHtuxL µλµλ +=
      
11.2( ) 
P nakrasadreb naidumeK 11.2( naamasre  laisnerefid naamasrep kutnebid sataid  )  




                 21.2( ) 
 aynnautnetek nagned .0)(,0)( =≥ ftt µµ  
4.2     gnaraB naaidesreP metsiS  
daP bus a - metsis aud kutnebid ini bab  b gnarab naaidesrep nakrasadre   jdaT
.)8002(  
1.4.2  gnaraB naaidesreP halasaM adap lamitpO iladneK  
s nakutnebmeP i mets  naaidesrep  ini susak adap  uajnitid  idajret taas  
 nad natakgninep   irad amatrep esaf awhab nakismusa iD .gnarab nanurunep 𝑡0  






 𝑡2 nurunem gnay naaidesrep takgnit kutnu  nakrabmagid  ini tukireB  .
aidesrep ledom : na  
            𝐼  
                    𝑀 
    
 
 
                                                                                                             𝑇 
    𝑡0                         𝑡1                           𝑡2 
  2.2 rabmaG  turuneM naaidesreP metsiS )8002( jdaT  
  sahabid gnay akam nakirebid halet gnay halasam nasatab nakrasadreB
 avruk uti anrak helO .gnarab natakgninep susak kutnu aynah ini naitilenep adap
 utkaw gnales kutnu nakkujnutid gnay 2.2 rabmaG adap [𝑡0, 𝑡1]  ayntujnaleS .
affA sahabid gnay  lanruj nakrasadreb  naamasrep nakisinifedid akam )5102( idn
:utiay gnarab natakgninep susak kutnu kimanid laisnereffid  
𝐼�̇𝑡� � 𝑃(𝑡) � 𝑣(𝑡)𝐼(𝑡),                                𝑡 ∈ [𝑡0, 𝑡1]                      31.2(   )  
 nagned 𝑣(𝑡) � 𝑚(𝑡) � 𝜃(𝑡) , 𝑃�𝑡� � 0  kutnu naaidumeK . awhab nimajnem  
 aggnih 0 irad takgninem  naaidesrep halmuj 𝑡1 :ukalreb tujnal hibel kutnu akam  
𝑃(𝑡) � 𝑣(𝑡)𝐼(𝑡) � 0,                                     𝑡 ∈ [𝑡0, 𝑡1]                                       41.2( ) 
 nagned  
𝐼(𝑡) : .naaidesrep isgnuf takgnit  
𝑃(𝑡) : isgnuf takgnit  .iskudorp  
𝐼0 : .naaidesrep lawa ialin takgnit  
𝑚(𝑡) : atar - .nakianek isgnuf atar  
𝜃(𝑡) : atar - .natosoremek isgnuf atar  
)t(v     : atar nad hisiles -  nad nakianek isgnuf atar .natosoremek  
:tukireb iagabes utiay gnarab naaidesrep metsis irad naujut isgnuF  
𝐽 � 1
2 ∫ ���𝐼�𝑡� � 𝐼�
2








𝑃�   : naujut iskudorp takgnit  
𝐼    : naujut naaidesrep takgnit  
�   :   nanapmiynep ayaib neisifeok  
𝐾  :  iskudorp ayaib neisifeok  
 turuneM (   )8002 ,jdaT u iracnem kutn   iskudorp takgnit  nakisinifedid akam
tukireb naamasrep  : 
𝐻 � � 1
2
���𝐼 � 𝐼�2 � 𝐾�𝑃 � 𝑃��2� � 𝑔𝜆                                                      �2. 61  )  
d nagne  
𝑔 � 𝑃(𝑡) � 𝑣(𝑡)𝐼(𝑡)      𝑡 ∈ [𝑡0, 𝑡1�                                         71.2(   )  
d  na f :tukireb iagabes halada egnargaL isgnu  




� 𝐾�𝑃 � 𝑃��2� � (𝜆 � 𝜇)𝑔,   𝑡 ∈ [𝑡0, 𝑡1]               81.2( ) 
( inailaD naitilenep nakrasadreb ayntujnaleS  naamasreP adap akam ,)2102
1.2( 5  noksid rotkaf nakirebid ) 𝑒− 𝑡𝜃 nagned ,  𝜃   esatnesrep kutneb malad . 
 
5.2    kitardauK kutneB  
 adaP  ini naigab nakirebid  utiay  kitardauk kutneb : 
𝒙𝑇𝐴𝒙                                                                                                             (2. 91 )
 skirtam irtne nagned 𝐴  halada 𝑐 𝑗𝑖 � 𝑐 𝑖𝑗   aumes kutnu 𝑖  nad 𝑗. K kutnu naidume   
 𝒙𝑇 � [𝑥1, 𝑥2, … 𝑥𝑛] 1.2( naamasrep akam 9 idajnem nakiaruid tapad ) :         
𝒙𝑇𝐴𝒙 � ∑ ∑ 𝑐 𝑗𝑖 𝑥𝑖𝑥𝑗𝑛𝑗=1𝑛𝑖=1                                                        02.2( ) 
 .2( naamasreP 7 k kutneb tubesid )   nagned kitardau   n  lebairav kaynab
𝑥1, 𝑥2, … 𝑥𝑛  nagned 𝑖 � 𝑗, 𝑗 � 𝑛 nad  𝑐 𝑗𝑖  𝜖 �   . turuneM  ( siweL 5991 , nifed tafis  )  ti
.2( kitardauk naamasrep irad 91  negie ialin gnutihgnem nagned helorepid tapad )
narukureb irtemis skirtam A akiJ .A skirtam  irad  n  x  n  nad 𝜆1, 𝜆2, … , 𝜆𝑛   
kitarduk kutneb akam A skirtam irad negie ialin nakapurem   𝒙𝑇𝐴𝒙 ihunemem : 
.1  akij aynah nad akij fitisop tinifeD  𝜆𝑖 � 0  aumes kutnu i 




.3  nad akij fitagen tinifeD   akij aynah  
 
𝜆𝑖 � 0  aumes kutnu i 
.4  akij aynah nad akij fitagen tinifed imeS  𝜆𝑖 � 0  aumes kutnu .i  
.5  id tafis 4 ihunemem kadit akij tinifednU  .sata  
 imahamem kutnU nasalejnep  id akam sata id :tukireb iagabes hotnoc ireb  
.2 hotnoC :4  
U  halhab ∑ ∑  � 4𝑥𝑖𝑥𝑗2𝑗=12𝑖=1   irad tinifed tafis nakutnet nad kitardauk kutneb ek
 skirtam 𝐴  .  
:naiaseleyneP  
tukireb iagabes kitardauk kutneB  
  ∑ ∑  � 4𝑥𝑖𝑥𝑗2𝑗=12𝑖=1    � � 4𝑥1𝑥1 � 4𝑥1𝑥2 � 4𝑥2𝑥1 � 4𝑥2𝑥2 
 � � 4𝑥12 � 4𝑥1𝑥2 � 4𝑥2𝑥1 � 4𝑥22 
 � [𝑥1 𝑥2] �� 4 � 4� 4 � 4� �
𝑥1
𝑥2� 
 tafis kutnu ayntujnaleS tukireb iagabes naktapad id tinifed  
 skirtam iraD  𝐴 � �� 4 � 4� 4 � 4� :aynnegie ialin tapadid           
                         ( teD λI � 𝐴� � 0  
  teD ��λ 00 λ� � �
� 4 � 4
� 4 � 4�� � 0 
       teD �
�𝜆 � 4� 4
4 �𝜆 � 4�� � 0  
          �(𝜆 � 4) (𝜆 � 4)� � (4 . 4) � 0  
                                         λ2 � 8λ � 0  
                                    λ1 � 0  , λ2 � � 8 
 ikilimem sataid kitardauk kutneb awhab naklupmisid tapad negie ialin irad ,idaJ







III BAB  
NAITILENEP IGOLODOTEM   
 
 metsis naiaseleynep sahabmem ini rihka sagut nasiluneP  lamitpo iladnek
natakgninep nagned  napahat nakukalid naka ini naitilenep malaD .gnarab -  napahat
:tukireb iagabes  
.1   iuhatekiD d laisnerefid naamasreP adap kimani  31.2( )  kutnu natakgninep  
 gnarab :tukireb iagabes  
       
 
𝐼̇ � 𝑃(𝑡) � 𝑣(𝑡) 𝐼(𝑡)   
       nuf iuhatekid naidumeK  gnarab natakgninep susak kutnu naujut isg  adap       




� ���𝐼�𝑡� � 𝐼�
2




      ayntujnaleS  adap  naujut isgnuf   noksid rotkaf nakirebid 𝑒− 𝑡𝜃 .  




� 𝑒− 𝑡𝜃 ���𝐼�𝑡� � 𝐼�
2




.2  kutnebiD  nakrasadreb notlimaH naamasreP  naamasreP  laisnerefid  kimanid  
nad  isgnuf  naujut  adap  .1 on hakgnal  
.3  helorepid gnay notlimaH naamasreP  adap  tapad 2 on hakgnal  kutnebid   
egnargaL naamasreP . 





𝐿  nad    𝜕
𝑃𝜕
 𝐿 � 0 
.5   lisaH  adap  naka 4 on hakgnal  nakisutitsbusid  adap  aud  susak  hawabid  ini  
      𝑃(𝑡) � 𝑣(𝑡)𝐼(𝑡) � 0    nad  𝑃(𝑡) � 𝑣(𝑡)𝐼(𝑡) � 0 
kutnU  helorepmem   𝜆�𝑡�. 
.6   naidumeK  naklaisnerefid  lisah  adap  .5 on hakgnal  
.7  nakisanibmokgneM  tapadid gnay naamasreP  adap  5 on hakgnal   6 on nad  
nakrasadreb  naamasreP  laisnerefid  kimanid  akam  helorepid  naamasreP  





.8  nakisutitsbusneM  
 
𝐼(𝑡0) � 𝐼0 nad  𝐼(𝑡1) � 𝑀  ek naamasreP  𝐼(𝑡)  hakgnal adap
 7 on kutnu   gnutihgnem   atnatsnok  𝑎1 nad  𝑎2. 
.9  naidumeK  nakisutitsbusnem  naamasreP  𝐼�𝑡� laisnerefid naamasreP ek  adap   
kutnu 1 on hakgnal  naktapadnem  naamasreP  takgnit  iskudorp  𝑃�𝑡�. 
.01  helorepid gnay naamasreP  adap  7 on hakgnal  tapad  nakanugid  kutnu   
asilanagnem  aynnalibatsek  . 
 
 
V BAB  
PUTUNEP  
 
5  1.  nalupmiseK  
nakrasadreB  nakukalid gnay nasahabmep  akam VI baB adap  helorepid  
nalupmisek  awhab  p naamasre  takgnit  naaidesrep  kutnu  halasam   naaidesrep   gnay




* tQeaeatI tmtm ++=  
anamid
 
 𝑎1  nad 𝑎2 tukireb iagabes : 










D na  




nakrasadreB  naamasreP  laisnerefid  kimanid  nad  naamasreP  takgnit  naaidesrep  
helorepid  naamasreP  takgnit  iskudorp  :utiay  
             𝑃∗�𝑡� � 𝑎1�𝑚1 � 𝑣(𝑡)�𝑒𝑚1𝑡 � 𝑎2�𝑚2� 𝑣(𝑡)� 𝑒𝑚2𝑡 �
𝑑
𝑡𝑑
𝑄(𝑡) � 𝑣�𝑡�𝑄�𝑡�      
id ,naidumeK asilana   nalibatsek metsis  naaidesrep  adap  p naamasre  : 
)()( 21 21
* tQeaeatI tmtm ++=  
 utkaw adaP t0 → t1. 
 iraD C hotno  2.4  helorepid   naaidesrep takgnit  takgninem )08( iapmas )0( lawa
 gnales adap utkaw   paites kutnu anamid ,)1( iapmas )0( 𝑡   ulales naaidesrep
 idajret kadit ,aggniheS .nanurunep nuptikides tapadret apnat nakianek imalagnem
 imalagnem naaidesrep takgnit anerak naahasurep adap gnarab nagnarukek







5  2.  naraS  
saguT  rihka  ini  naksalejnem  gnatnet  naparenep  iroet  iladnek   adap   halasam  
naaidesrep   gnarab imalagnem gnay  nep natakgni  aggnihreb utkaw kutnu . 
acabmep ,aggniheS  tapad  nakgnabmegnem  malad   kutneb  utkaw  .aggnihreb kat  
 
 
 AKATSUP RATFAD  
,idnaffA  P kkd  . “ d yrotnevnI metsiS irad lamitpO iladneK  nad natakgnineP nagne
gnaraB nanuruneP ”.  APIM lanruJ 97 . - 5102 ,88 . 
,idnaffA   P .kkd  “ adap iladneK iroeT napareneP  irotnevnI halasaM ”. APIM lanruJ  .
83 - 64 102 , 2. 
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 : atrakaygoY .idnA tibreneP  
L .knarF ,siweL .  .5991 “ lortnoC lamitpO ”.  otnoroT : cnI ,snoS & yeliW nhoJ . 
 
 .S ,J ,aziaM “  utaS kednireB rotpirkseD metsiS kutnu kitardauK raeniL ledoM
kcabdeeF tuptuO nad noksiD rotkaF nagned ”  .  nad akitametaM sniaS ispirkS
kitsitatS . .6102  
 
M ,rijiahuM ,  .4102 .N “ ELPAM nagned asaiB laisnerefiD naamasreP ”  .
.urabnakeP   
 
.N ,ajaridnA nad S ,imharruN  “ reP metsiS irad lamitpO iladneK  nagned naaides
gnaraB nanuruneP ”. kitsitatS nad akitametaM sniaS ispirkS , .7102  
,redslO  J.G . .4991  “  lacitamehtaM yroehT metsiS ”  .  tfleD :  fO ytisrevinU
ygolonhceT . 
 
llecruP .E ,  J nad  gebraV .D ,   .5102 “ rtemoeG nad suluklaK  isidE 1 diliJ sitilanA i
amileK ”  .  aggnalrE : atrakaJ . 
 .L.G nospmohT dna P.S ytehS  .5891 “ noitauqE laitnereffiD  noitidE 3 ”  .  weN
 : kroY & yeliW nhoJ   .snoS  
.E ,irtifhayS  “  isakilpA  imalagneM gnay naaidesreP halasaM adap iladneK iroeT
tirksiD utkaW kutnu gnaraB natakgnineP ”.  nad akitametaM sniaS ispirkS
 .kitsitatS .8102  
,jdaT  L kkd . “ roilemA htiW metsyS yrotnevnI na fO lortnoC lamitpO  dna gnita
teD smetI gnitaroire ”  . secneicS deilppA . 342 .pp ,01.loV -  ,552  .8002  
 
 
PUDIH TAYAWIR RATFAD  
 
P  laggnat adap nakrihalid silune 6991 sutsugA 32   id  ased
gnodnodagiS risaP nusud ,iggnuraM  natamaceK ,  namairaP
namairaP atoK ,nataleS taraB aretamuS ,  iagabes ,  kana  audek
kapaB nagnasap irad  )mlA( razubA    ubI nad anivlE  .  siluneP
nakididnep nakiaseleynem   iregeN rasaD halokeS id lamrof
 iggnuraM 41 natamaceK  namairaP  nataleS namairaP atoK ,  
002 nuhat adap 9 102 nuhat adaP . 2  silunep  nakididneP nakiaseleynem keS  halo
neM 9 N PMS id amatreP hagne  namairaP  natamaceK  namairaP  nataleS atoK ,  
namairaP  AMS id satA hagneneM halokeS nakididneP nakiaseleynem nad  3 N  
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